In this paper, we introduce generalized R-KKM mapping and discuss some new generalized R-KKM theorem under the nonconvexity setting of topological space. As applications, some new minimax inequalities, saddle point theorem are proved in topological space. Our theorems unified and extend many known results in recent literature.
Introduction
The famous KKM [9] theorem and its generalizations are of fundamental importance in modern nonlinear analysis. Later many authors have studied lots of KKM theorems over topological vector spaces and made great progress in the theorem and applications. In this setting, convexity assumptions play a crucial role in solving this variety of problems (e.g., [1] ). In 1983, Horvath [8] , replacing convex hulls by contract subsets, gave a purely topological version of the KKM theorem.
Motivated by the work of Horvath, in 1996, Ding [4] introduced generalized H -KKM mapping from a nonempty set X to an H -space without linear structure. Park and Kim [11] [12] [13] introduced the concept of generalized convex (or G-convex) space. In 1997, Tan [14] studied a class of generalized G-KKM mappings from a nonempty set X to a Gconvex space and gave some new generalized G-KKM theorems and their applications to minimax inequalities and saddle point problems. In 1996, Chang and Yen [3] introduced a class of generalized S-KKM mappings. In 1998, Lin and Chang [10] introduced a class of generalized S-KKM mappings from a nonempty set X to a G-convex space (Y, Γ ) by using a given set-valued mapping S : X → 2 Y , and some generalized S-KKM theorems and their applications were given in topological vector spaces. In 1999, Verma [16] was first to obtain an intersection theorem involving R-KKM selection and apply it to establish an intersection theorem involving R-KKM mapping in G-H -space. Inspired by the above research, we first introduce the new classes of generalized R-KKM mapping from a nonempty set to a topological space which includes the classes of set-valued mapping defined in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] as special cases. Here the convexity assumption of space is not required. As a result, we will establish new generalized R-KKM theorem and some new minimax inequalities, saddle point theorems. Our results unify and generalize some known results in recent literature.
Preliminaries
Let X be the set of all nonempty finite subsets of X. Let ∆ n denote the standard n-simplex, that is,
where e i (i = 0, 1, . . ., n) is the (i + 1)th unit vector in R n+1 . 
where ∆ k is a standard k-subsimplex of ∆ n with vertices e i 0 , e i 1 , . . . , e i k .
The above notion of a generalized R-KKM mapping unifies and extends the generalized R-KKM mapping defined in Verma [16] , the generalized G-KKM mapping defined in [5, [11] [12] [13] [14] , generalized S-KKM mapping defined in [5, 10] , the generalized H -KKM mapping defined in Ding [6] , the generalized L-KKM mapping defined in Ding [7] , and the corresponding notions of [1] [2] [3] [4] 8, 9, 15] . Here Y need not posses any convexity. [4, 6] . Let A be a subset of a topological space X. A is called to be compactly open (respectively, compactly closed) in X if for any nonempty compact subset K of X, A ∩ K is open (respectively, closed) in K.
Definition 2.2
The following notion was introduced by Ding [4, 6] . For any given subset A of X, we define the compact closure by ccl(A) as ccl(A) = {B ⊂ X: A ⊂ B and B is compactly closed in X}.
Clearly, ccl(A) is compactly closed in X and for each nonempty compact subset K of
A is compactly closed in X if and only if ccl(A) = A. Definition 2.3 [15] . Let X be a set and Y be a topological space. A mapping T : X → 2 Y is said to be transfer compactly closed-valued on X if for x ∈ X and for each nonempty
Definition 2.4. Let X be a nonempty set, Y be a topological space, and f :
The notions in Definition 2.4 unify and generalize the definitions of λ-generalized G-diagonally quasiconvex, λ-generalized S-diagonally quasiconvex, λ-generalized Gdiagonally quasiconcave, λ-generalized S-diagonally quasiconcave introduced by Ding [5] , and the corresponding notions in [10, 14] . Definition 2.5 [5] . Let X be a nonempty set, Y be a topological space, and f : X × Y → R ∪ {±∞}. For some λ ∈ R, f (x, y) is said to be λ-transfer compactly lower (respectively, upper) semicontinuous in y if for each compact subset K of Y and for each y ∈ K, there exists x ∈ X such that f (x, y) > λ (respectively, f (x, y) < λ) implies that there exists an open neighborhood N(y) of y and a pointx ∈ X such that f (x, z) > λ (respectively, f (x, z) < λ) for all z ∈ N(y). Proof. (i) On the contrary, assume that there exists N 0 = {x 0 , x 1 , . . . , x n } ∈ X and a continuous mapping
It is easy to prove that if a mapping
where
. Hence, we have
is the continuous partition of unity subordinated to the open cover
and n i=0 ψ i (y) = 1 for each y ∈ ϕ N 0 (∆ n ). We define ψ : ϕ N 0 (∆ n ) → ∆ n as follows:
Then ψϕ N 0 : ∆ n → ∆ n is continuous on the compact and convex set ∆ n , therefore there
where J (y 0 ) = {j ∈ {0, 1, 2, . . ., n}: ψ j (y 0 ) = 0}. It follows from T is a generalized R-KKM mapping that
Thus, there must be j 0 ∈ J (y 0 ) such that y 0 ∈ T x j 0 . On the other hand, by the definition of J (y 0 ), one can obtain ψ j 0 (y 0 ) = 0. It follows from (1) that y 0 ∈ T c (x j 0 ). This is a contradiction. Therefore ϕ N (∆ n ) ∩ ( x∈N T (x)) = ∅.
(ii) Suppose {T (x): x ∈ X} has the finite intersection property, that is for any [14] . Also, Theorem 3.2 generalizes Theorem 2.2 of Verma [16] in the following ways: (i) G-H -space (Y, H, {p}) is replaced by topological space; (ii) generalized R-KKM mapping includes the class of R-KKM mapping which was defined in [16] as a proper subclass; (iii) that T is a closed valued mapping is replaced by compactly closed; (iv) the assumption of compactness of Y is dropped. 
By (2) and the condition x∈S 
where J (y 0 ) = {j ∈ {0, 1, 2, . . ., m}: ψ j (y 0 ) = 0}. It follows from T is a generalized R-KKM mapping that
Thus, there must be j 0 ∈ J (y 0 ) such that y 0 ∈ T (x j 0 ). On the other hand, by the definition of J (y 0 ), one can obtain ψ j 0 (y 0 ) = 0. It follows from (3) that y 0 ∈ T c (z j 0 ). This is a contradiction. Therefore K ∩ ( x∈X T (x)) = ∅. ✷ Remark 3.3. Theorem 3.3 generalizes Theorem 3.3 of Ding [5] .
Theorem 3.4. Let X be a nonempty set and Y be a topological space. Let T : X → 2 Y be a generalized R-KKM mapping with nonempty transfer compactly closed values. If for some M ∈ X , x∈M ccl(T (x)) is compact, then x∈X T (x) = ∅.

Proof. First we show that x∈X T (x) = x∈X ccl(T (x)). Setting
Since T is transfer compactly closed valued, there existsx ∈ X such that
This is a contradiction.
Define ccl T : X → 2 Y by (ccl T )(x) = ccl(T (x)). Since T (x) ⊂ (ccl T )(x)
for each x ∈ X, we have ccl T is a generalized R-KKM mapping. It follows from Theorem 3.2 that
This completes the proof. ✷ Remark 3.4. Theorem 3.4 unifies and generalizes Theorem 3.4(i) of Ding [5] and Theorem 2.4 of Tan [14] . Thus there exists j 0 such that
Proof. By the condition and Theorem 3.3, we have
K ∩ ( x∈X ccl T (x)) = ∅. Now we show that K ∩ ( x∈X ccl T (x)) = K ∩ ( x∈X T (x)). Clearly, K ∩ ( x∈X T (x)) ⊂ K ∩ ( x∈X ccl T (x)). If K ∩ ( x∈X ccl T (x)) ⊂ K ∩ ( x∈X T (x)), then there exists y ∈ x∈X (ccl T (x) ∩ K) = x∈X cl K (T (x) ∩ K) and x ∈ X such that y / ∈ T (x) ∩ K. Since T is transfer compact closed-valued, there ex- ists x ∈ X such that y / ∈ cl K (T (x ) ∩ K) which is a contradiction. Hence we must have K ∩ ( x∈X T (x)) = K ∩ ( x∈X ccl T (x)) = ∅.(i) For each (x, y) ∈ X × Y , f (x, y) g(x, y); (ii) f (x, y) is λ-transfer compactly lower semicontinuous in its second variable; (iii) g(x, y) is λ-generalized R-diagonally quasiconcave in x. (a) If there exists M ∈ X such that x∈M ccl({y ∈ Y : f (x, y) λ}) is a compact subset of Y , then there exists y 0 ∈ Y such that f (x, y 0 ) λ for all x ∈ X. (b) Let Y be compact.
If there exists a nonempty compact subset K of Y and a mapping
S : X → 2 Y such that for each N = {x 0 , x 1 , . . . , x n } ∈ X , N ⊂ S −1 (ϕ N (∆ n )) and x∈S −1 (ϕ N (∆ n )) ccl({y ∈ Y : f (x, y) λ}) ⊂ K,
Proof. (a) Define mappings T , G
: X → 2 Y by T (x) = y ∈ Y : f (x, y) λ , G(x)= y ∈ Y : g(x, y) λ . It follows from condition (i) that G(x) ⊂ T (x) for each x ∈ X. Since g(x, y) is λ- generalized R-diagonally quasiconcave in x, for each N = {x 0 , x 1 , . . . , x n } ∈ X ,y ∈ G(x i j 0 ) ⊂ k j =0
G(x i j ).
Sinceȳ is arbitrary, we have
Therefore, G is a generalized R-KKM mapping, and T is a generalized R-KKM mapping. Then f has a saddle point
In particular, we have Since inf y∈Y sup x∈X f (x, y) sup x∈X inf y∈Y f (x, y) is always true, the conclusion of Theorem 4.3 holds. ✷
The following theorem generalizes Theorems 4.5 of Ding [5] . Since a similar proof is in [5] , we omit its proof here. 
